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Welcome to the Automated Geometer!

Using GeoGebra 5.0.495.0 (offline).

Let us consider this initial input construction (only the visible points will be observed) :

A o |[ ez —_—
DIE B oS IPANIEIIR Q =
LICHE &
Select relations to check:
The following theorems can be proven:
1. AB=AD 5.AD=BC 9. AE=CF 13. AG=CH 17. BE=BF 21.BG=DG 25.CE=DE
2. AB=BC 6. AD=CD 10. AF=CE 14. AG=GH 18. BE=CF 22.BG=DH 26. CE=DF
3. AB=CD 7. AE=BE 11. AF=DE 15. AH=CG 19. BF=CF 23.BH=DG 27.CH=GH
4. AC=BD 8. AE=BF 12. AF=DF 16.BC=CD 20.BG=BH 24. BH=DH 28. DE=DF

Finished, found 31 theorems among 378 possible statements.

Elapsed time: Oh Om 2s

Restart with a new or the same experiment

29. DG=DH
30. EG=FH
31. EH=FG
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» Algebra

x| ~ Graphics

® A =(-0.46, 0.06)
@ B = (2.3,2.56)

@ f=3.72
'® polyl = 13.87
® E =(0.92,1.31)
2 ® F = (1.05, 3.94)
\® j:-1.12x + 4.01y =
3. k: 1.51x + 3.88y = |
® |1 -5.26x + 0.26y =
® G=(-0.37,1.81)
® H=(-0.29,3.57)
(® c:x® +y?-1.39x -
® m=139
® n=1.39
,® p=3.51
® q=3.51
‘® r=2.78
® s=2.78
® t=2.78
1® a=2.78
@ b =256
-® d=2.56
"® e=1.76

' @
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>

® ¢ ® Discovered theorems on point H

LUINLYCIC PUITILS. Crurl

Sets of parallel and perpendicular lines:

e ABE L AD

e ACGH 1 EF L BD
e AF L BH I DEG
*BCF L CD

*BG 1 DFH L CE

Congruent segments:
¢ AG =CH =GH

e AH = CG
*BG = BH = DG = DH
*EG = FH
*EH = FG
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» Algebra X
® polyl = 13.87

® E=(0.92,1.31)

® F = (1.05, 3.94)

® j:-1.12x + 4.01ly = 14.62
-® k:1.51x + 3.88y = 6.47
(® |: -5.26x + 0.26y = 2.44
® G=(-0.37,1.81)

® H=(-0.29,3.57)
:® c:x* +y?-1.39x - 5.28y =
!® m=1.39
'® n =139

® p =3.51

® g =3.51

® r=2.78

® s=2.78

®t=2.78

® a=2.78

® b =256

® d=2.56

® e=1.76

e f, =176

® g, =1.76

® h;:-3.88x+ 1.51y = 1.88
® i;:-1.01x- 2.59y = -8.94

® j,;:4.01x + 1.12y = 5.16

® k;:0.75x - 2.67y = -5.13

® 1:-2.63x + 0.13y = -2.25
® m;:-0.26x - 5.26y = -14.0(
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» CAS
2 Let polyl be the regular 4-gon with vertices A, B, C
3 Let f be the segment A, B.
4 | Let g be the segment B, C.
5 Let E be the midpoint of f.
6 | Let F be the midpoint of g.
7 | Letj be the line D, F.
8 Let k be the line D, E.
9 Let | be the line A, C.
10 | Let G be the intersection of | and k.
11 | Let H be the intersection of j and I.
12 | Provethatg_1 <e.
13 | The statement is true under some non-degeneracy
14 | We prove this by contradiction.
15 | Let free point A be denoted by (v1,v2).
16 | Let free point B be denoted by (v3,v4).
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Algebra

I = Jaf &

polyl = 13.87
E=(0.92,1.31)

F = (1.05, 3.94)

J-1.12x + 4.01y = 14.62
k: 1.51x + 3.88y = 6.47

I: -5.26x + 0.26y = 2.44
-0.37, 1.81)

-0.29, 3.57)

2 +y*-1.39x - 5.28y =
.39

.39
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., = 176

,--3.88x + 1.51y = 1.88
i;:-1.01x - 2.59y = -8.94
j;:4.01x + 1.12y = 5.16
k;:0.75x - 2.67y = -5.13
1;: -2.63x + 0.13y = -2.25
m,: -0.26x - 5.26y = -14.0I
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4 (=0 *_ i W N i LAt A — W

$s9:-v13*v6+v14*v5=0

> — §9: —vi3vb4+vidvd =10
s10:-v13*v10+v14*v9+v13*v8-v9*v8-v14*v7+v10*

>0 — s10: —v10v13 + v10 v7 4+ vl13 v8 — v14 vi
s11:-v15*v12+v16*v11+v15*v8-v11*v8-v16*Vv7+V]

> — s11: vl1vlb6 —v11v8 —v12 v15 4 v12v7
s12:-v15*v6+v16*v5=0

>8 — s12: —v15vb 4+ vlibvh =10
§13:-1-v51*v16A2-v51*v15A2+2*v51*v16*v14+2*

* . s13 : —v152 v51 — v16% v51 4 2v13 v15 V5

60 | Now we consider the following expression:

61 | S1*(=v15A2*v51+1/3*v15*v16*v51+2/3*v15*v51*v
= 1=0

62 | Contradiction! This proves the original statement

63 | The statement has a difficulty of degree 3.
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sp-kuwait.ggb

® 0
1# a . a=2
v B 00,014 N = [
» Algebra Xl » CAS %] = Graphics
® A =(-0.46, 0.06) 1 | Let A, B be arbitrary points. Bvje~vjmvild
® B =(2.3,2.56) I
® f=3.72 2 | Let polyl be the regular 4-gon with vertices A, B, C
® polyl = 13.87
,® E=(0.92,1.31) Let f be the segment A, B
'® F = (1.05,3.94) 3 g =
'® j:1.51x + 3.88y = 6.47
® ki -1.12x + 4.01y = 14.62 4 Let g be the segment B, C.
; ® |: -5.26x + 0.26y = 2.44 : .
|® G =(-0.37, 1.81) 5 Let E be the midpoint of f.
|® H=(-0.29,3.57) 6 Let F be the midpoint of g.
7 | Letj be the line D, E.
8 Let k be the line D, F.
9 Let | be the line A, C.
10 | Let G be the intersection of j and I.
11 | Let H be the intersection of | and k.
12 | Prove that Distance(G, H) = Distance(H, C).
13 | The statement is true under some non-degeneracy
14 | We prove this by contradiction.
15 | Let free point A be denoted by (v70,v71).
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» Algebra

® A =(-0.46, 0.06)
® B = (2.3, 2.56)

'® E =(0.92,1.31)
'® F=(1.05,3.94)
'® j: 1.51x + 3.88y = 6.47

® k:-1.12x + 4.01y = 14.62

. ® |- -5.26x + 0.26y = 2.44

(-0.37, 1.81)
(-0.29, 3.57)

G
H
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» CAS X

¥ (=L E L ™ 1 i WAL A —

$9:-v82*v79+v83*v78+Vv82*v77-v78*v77-v83*v76+Vv79*v76=

> — §9: viov79 —v76 v83 — vi7 vi8 + vi7v82 4 v78 vi
s10:-v82*v75+v83*v74=0

>0 — s10: vidv83 —vibv82=10
s11:-v84*v75+v85*v74=0

> — s11: vidv8h —vibvid4 =10
s12:-v84*v81+v85*v80+v84*v77-v80*v77-v85*v76+v81*v76

> — §12: viov8l — vib6 v85 — v77 v80 4 v77 v84 + v80
s13:-1-2*v86*v85*v83+v86*v83A2-2*v86*v84*v82+v86*v82:

# . s13: —v74% v86 — v75% v86 + v82° v86 | v83” v86

60 | Now we consider the following expression:

61 | S1*(v83*vB86*v82+1/3*v86*v82A2-2*v83*v86*v84-2/3*v86*VI
= 1=0

62 | Contradiction! This proves the original statement.

63 | The statement has a difficulty of degree 3.
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A = (-7.97, 1.02)

B = (-4.03, -1.38)

f: PerpendicularBisector{ A, B)
— -3.94x + 3.3y = 24.53
C = Paint(f)

— (-4.32, 2.28)

g = Segment(A,C)

— 367

h = Segment(B,C)
— 367
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30
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33
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Let A, B be arbitrary points.

Let f be the perpendicular bisector of AB.
Let C be a point on f.

Let g be the segment A, C.

Let h be the segment B, C.

Prove that g = h.

The statement is always true.

We prove this by contradiction.

nt A be denoted by

nt B be
Consideri ition f = Per i i , Bl
el:2vi—vi—vl =10

~ el: —vl—v34+2vEi=0
e2:2vb—vd—v2 =10

— 2 —v2— vl +2v6 =0

e vB—vE—vE+vl =0

— ed:vl—vb—vb+vB=0

ed:vT+vBb—wvE—v2 =10

— ed: —v2—vS+vb+vT =10
Considering definition C = Point[f]:

ef: —vO v +vI0wT +vOwh —vT v —v1DwE +wBvh = 0

= &5 —v10vS +v10vT +vEvB —vB w7 +vb vl —vBvI =0

Thesis reductio ad absurdum (denied statement):

6B —1+ 2011 w10 vl — w11 wd® + 201183 — w1l w3 — 2011 w10 w2 + w1142 — 2011 w8 vl +v11vl® = 0

~ €6 w1l w2® w11 w3 - w11 wd® pvl¥wll — 2wl vl w9 — 2 w10 wll w2+ 2vi0wll wd +2vl1w3wd —1 =0

Without loss of generality, some coordinates can be fixed:
vl =02 =10}

= {vl=0,v2=0}

AllR and the neg thesis after

sl:2vE—w3 =10

— s1: —w34+2vi=0

s2:2v6—vd =0

- s2: —vaA4+2vb=10

s3:vB-wb—vwE =10

~ s3: —vS—vb+vB=10

v +wb—vwE =10

— sb: —vB+vb+vT =0

s5: —wOvB+ v10wT +vBwb — w7 wb —vI0WE+vBvE = 0

— 85: —v10v5 4+ v10v7 +v5 vB —vbvT +vb vl —vBvI =10
s 14 2vI1vi0wd — vITwd® 4 2011 w8 v — V1103 =0

~ 86 ~v11v3® — v1lvé* 4 2v10vilvd +2v11w3 w0 —~1=10

Now we consider the following expression:

sl (w1l w3 — w1l wd +2v11 w8 — 2 w11 vl)+ 52 (-2 w10 wI1 + w1l w3 + w11 wd — 2w11vT)+ 53 (2011 w3 — 4 w11 v@) + s (4 w10 w1l — 2 w1l vé) + 55 [—4 w11} + 56 (—1)

- 1=0
Contradiction! This proves the original statement.
The statement has a difficulty of degree 2.
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> restart:with(PolynomialIdeals):
>
(> tesis:=v1A2- 2%vl*v9 - 2%v10*v2 + 2*v10*vd + v242 - v342 4 2%y3*y9 - v4*r2;-v1-v3+2*v5, -v2-
v4+2*v6 ,vl-v5-v6+v8,-v2-v5+v6+v7, -v10*v5+v10*v7+v5*v8-v6*v7+ve*vI-v8*v9 , vil*v242-v1l*v3*2-
v1l*v4d*24v1l*v1*2-2*yvl1l*v1*v9-2*v10*vl1l*v2+2*v10*v1l*v4+2*vl1l*v3*v9-1;

tesis = vI* — 2vIv9 — 2vI0v2 + 2vI0vd + v — v +2v3v9 — vi

-vl —v34+2v5, -v2—v4+2v6,vIi —v5 —v6+ V8, -v2—v5+v6+v7, -vIOvS +vIOv7 +v5v8 —vov7 + vov9 — v8vY, vil e (1.1)

—2vIIvIVI —2vI0vIIVv2 + 2vI0vIIvd + vIiIv2* —viIv3 + 2vIIv3v9 — vilvé — 1

> tesis*vll-1;
(vi* —2vIv9 —2vI0v2 +2vI0Ovd + v2* —v3* +2v3v9 — va) vil — 1 (1.2)
> simplify (%-(v11l*v242-v11*v342-v11l*v4*24vl1l*v1*2-2*%v1l*v1*v9-2*v10*v1l*v2+2*v10*vlil*v4d+2*v1l¥*
v3*v9-1));
0 (1.3)
> hipo:=<-v1-v3+2*v5,-v2-v4+2*v6 ,v1-v5-v6+v8 , -v2-v5+v6+v7, -v10*v5+v10*v7+v5*v8-ve*v7+v6e*vI-v8*

vo>;
hipo == (-vI —v3 +2v5, -v2 —v4+2v6,vl —v5 —v6 + V8, -v2 —v5 +v6 +v7, -vIOv5S +vIOv7 +Vv5v8 —v6v7 + vov9 — v8v9) (1.4)

> tesis in hipo;
true 1.5)
(> 1 in <-v1 - v3 + 2*y5, -v2 - v4 + 2*v6, vl - v5 - v6 + v8, -v2 - v5 + v6 + v7, -v10*v5 + v10*
vl + v5*v8 - v6*v7 + v6*v9 - v8*v9, v10*v5+v10*v7+vS*v8-ve*v7+ve*v9-v8*v9,v1l*v242-v1l*v3*2-
v1l*v4*24v1l*v1*2-2*v1l*v1*v9-2*v10*v1l*v2+2*v10*v1l*v4+2*v1l*v3*v9-1>;
true (1.6)

=> HilbertDimension (hipo) ;

5 1.7)
=> EliminationIdeal (hipo,{vl,v2,v3,v4,v10}) ;EliminationIdeal (hipo,{vl,v2,v3,v4,v9});

(0)

(0) (1.8)




> with(Groebner): F:=[-v1-v3+2*v5,-v2-v4+2*v6,vl-v5-v6+v8,-v2-v5+ve+v7, -v10*v5+v1O0*v7+v5*v8-
ve*v7+ve*v9-v8*v9] ; nops(F) ;G, C := Basis(F, tdeg(vl,v2,v3,v4,v5,v6,v7,v8,v9,v10), output =
extended) ;nops (C) ;
F=[-vIi —v3+2v5 -v2—v4+2v6,vI —v5 —v6+ V8 -v2—v5+v6+v7, -vIOv5S +vIOv7 +v5v8 —v6v7 + v6vI — v8 V9]

5
G, C:=[-v5§—v6+Vv7+v4 -vi+v6—v8+Vv3,v2+Vv5—v6—v7, vl —v5—v6+v8 vIOvS —vIOv7 —v5v8 + v6v7 — v6 V9
+VSV9:|9 [[09 _1: O: 1: 0]: [_1: 0: _19 09 0]9 [09 09 O: _1: 0]: [0: 09 1: 0: 0]3 [09 0: 09 09 _1]]

5 1.9
> NormalForm(tesis, G, tdeg(vl,v2,v3,v4,v5,v6,v7,v8,v9,v10), 'Q');
0 (1.10)

> Q;nops(Q) ;
[-v4 —v5 —v6+v7 +2vI0, -v3—v5+v6—v8+2v9,v2—Vv5+v6+Vv7—2vI0,vI +v5+v6—v8—2v9,4]

5 (1.11)

> C[1];
[0, —1,0, 1, 0] (1.12)

> C[2];
[—1,0, —1,0,0] (1.13)

> C[3];
[0,0,0, —1, 0] (1.14)

(> c[4];
[0,0,1,0,0] (1.15)

> C[5];
[0,0,0,0, —1] (1.16)




> add(C[1][i]*F[i] ,i=1. .nops(F))*Q[1l]+add(C[2] [i]*F[i],
i=1. nops(F))*Q[2]+add(C[3][1]*F[1] i=1l. .nops(F)) *Q[3]
+add(C[4] [i] *F[1i] ,i=1. .nops (F))*Q[4]+add(C[5] [1]*F[1],
i=1. .nops(F))*Q[5] ;simplify (tesis-%) ;

(-v5—v6+v7+v4) (v —Vv5—v6+Vv7+2vI0) + (-v5+v6—V8

+v3) (- v3 =V +v6—Vv8+2Vv9) + (v2+ V5 —v6—Vv7) (v2—V5
+v6 +v7 —2vI0) + (vI —v5—v6+v8) (vl +v5+v6 —v8 —2V9)
+4vI0Ov5 —4vIOv7 —4v5v8 +4vov7 —4v6v9 +4vEv9

0 (1.17)



Contradiction, complexity 2.

> with(Groebner): FF:=[-vl - v3 + 2*v5, -v2 - v4 + 2%v6, vl - v5 - v6 + v8, -v2 - v5 + v6 +
v7, -v10*v5 + v10*v7 + v5*v8 - v6*v7 + v6*v9 - v8*v9, v10*v5+v10*v7+v5*v8-v6*v7+ve*vI-v8*v9,
v1l*v222-v11l*v3*2-v1l*v4*24v1l*v]1*2-2*%yvll*v]1*v9-2*yv]10*v1l*v242*v10*vlil*v4+2*vll*v3*v9-1];
nops (FF) ;GG, CC := Basis(FF, tdeg(vl,v2,v3,v4,v5,v6,v7,v8,v9,v10,vll), output = extended);
nops (CC) ;

FF = [—v] —v3+2v5, -v2—v4d+2v6, vl — v —v6+ V8, -v2—v5+v6+v7, -vIOvS +vIOv7 +v5v8 —v6v7 + vov9 — v8 VY,
viOvS +vI0Ov7 +v5v8 —v6v7 +vov9 — v8v9, vil vi? —2vI1vIv9 —2vI0viIv2 +2vI0vilvd + viIv? — v1lv3

+2v11v3v9 —vilvd —1]
7
GG, CC == [1], [[viIv3+VvIIv5 —vOovI] +Vv8vI] —2vIIV9, -2vIIvI0+vIiIv4d+vIIv5+v6vI]l —v7vil,vIivi] +viIv3
+2vIIv5 —4viIv9, 4viIvI0—v2vll —viIv4d—2v6vil, -4vIi1, 0, —1]]
1

> NormalForm(l, GG, tdeg(vl,v2,v3,v4,v5,v6,v7,v8,v9,v10,vlil), 'QQ');
0

(> 00;nops (QQ) ;
[1]
1

> add (CC[1] [i]*FF[i],i=1..nops (FF)) ;simplify (1-%) ;
(viIv3 +vIIv5 —v6vil +v8vil —2vIIv9) (-vI —v3+2v5) + (-2vIIvi0+viIv4d+vIIv5 +v6ovil —v7vil) (-v2—v4

+2v6) + (vIvil +vIIv3+2vIIv5—4vIIv9) (vl —v5—v6+v8) + (4vlIvI0—v2vI]l —vIIv4d —2v6vil) (-v2—v5
+v6+v7) —4vil (-vI0Ov5 +vI0Ov7 +v5v8 —v6v7 +v6v9 — v8v9) —vil vI? +2vI1vIv9+2vI0vilv2 —2vI10vi] vd
—v11v2 +vIIv¥ —2vIIv3v9 +viI v + 1

2.1)

2.2)

2.3)

24)
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» Algebra

® A=(-2.6,0.86)
® B = (0.36,0.86)
® C=(0.7,4.7)

® b=>5.06

® a=3.86

® c=2.96
' @ tl = 5.68
r® D =(0.53,2.78)
® E = (-0.95, 2.78)
® f=1.93
1® g=193

® h:y=0.86
®iiy=278

Input:

X

* Graphics

L

'
1y
=

fnCr

(Rl D © O LN )

- Sets of parallel and perpendicular
~ lines:

e AB I DE

Congruent segments:
eBD =CD

OK
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GeoGebra Classic 5

_ oie
%' 'Av"././v}lvb.v ®v@v&vxi—‘£v Q.v £
» Algebra » CAS ~ Graphics
® A =(-2.6,0.86) 1 | LetA, B, Cbe arbitrary points. LT Tg]lslc~]
® B =(0.36, 0.86)
® C=(0.7,4.7) Let t1 be the polygon A, B, C.
® b=5.06 2 polygen A 5
® a=3.386
L h B, C.
® c—296 3 et a be the segment B, C
® t1 =568
® D= (0.53,2.78) 4 Let b be the segment C, A.
® E =(-0.95,2.78) . .
® f= 193 5 Let D be the midpoint of a.
® g=1.93 . i
® h:y=0.86 6 Let E be the midpoint of b.
®iy=27
e 8 7 Let h be the line A, B.
h

8 Let i be the line D, E.

9 Prove that AreParallel(h, i).

10 | The statement is true under some non-degeneracy conditions

11 | We prove this by contradiction.

12 | Let free point A be denoted by (v1,v2).

_ 12 | | at frae nnint R ha danntad hv (v va4)

Input:




\Input:

' XN ) GeoGebra Classic 5
A a * |a=2 e
N B SO S AP AN o
| » Algebra » CAS ~ Graphics
@ A= (-2.6,0.86) LT s alc] k
® B = (0.36,0.86) §2:-1+2*v8-v6=0 E
® C=(0.7,4.7 29
ib=(506 ) — §2: —vb+2v8—-1=0 b
: i
® a=3.86 ]
® c=296 s3:2*v9-v5=0 9
® tl =568 30 . _ '
® D =(0.53,2.78) - s w2v =0 ‘
: :;:_= {_90395’ 2.78) $4:2*v10-v6=0 1
o 31 . )
® g=193 — s4:2v10 —v6=0 : ‘
® h:y =0.86 )
®y=278 $5:-1-v15*v9+v15*v7=0 b
32 h i
— sHh-ovlhv? —vlbv) —1=0
33 | Now we consider the following expression: ¢
34 s1*(1/2*v15)+s2*(0)+s3*(-1/2*v15)+s4*(0)+s5*(-1)
= 1=10 ¢
35 | Contradiction! This proves the original statement. e
36 | The statement has a difficulty of degree 1. Y




[ NN ) euler line-2.ggb

A PO O L N

» Algebra < » CAS x| = Graphics
® A=(2.1,2.9) 11 | Let E be the intersection of h and i. L & A C
® B=(8.76,2.74)
® C=(7.06,7.18) Let F be the midpoint of b
® b=6.55 12 P '
® a=4.75 . .
® - 666 13 | Let G be the midpoint of a.
® tl = 14.65 . .
f: -6.66% + 0.16y = -35.71 14 | Letjbe thelineB, F.
, 4496 + 428y = 44.29 15 | Letk be the line A, G.
. - [{] H H
:‘e-x_té 66)? +cn(;c1u6r;c:n_1f; Fé;)rthocenter H centroic 16 | Let H be the intersection of j and k.
i: 4.96x + 4.28y = 55.18
:E _ (7x4_78) Y 17 | Prove that AreCollinear(D, H, E).
F = (4.58, 5.04) . s
G = (7.91, 4.96) 18 | The statement is true under some non-degeneracy conditions
j:-2.3x-4.18y = -31.6 . -~
k: -2.06x + 5.81y = 12.52 19 | We prove this by contradiction.
H = (5.97,4.27)
® I:-0.25x + 0.51y = 0.69 20 | Let free point A be denoted by (v1,v2).
11 = {true, {“AreCollinear(A,B,C)"”, “AreEqual(A,B)” '
d = true 21 | Let free point B be denoted by (v3,v4).
22 | Let free point C be denoted by (v5,v6). D circumcenter
E orthocenter
23 | Considering definition f = PerpendicularBisector[c]: H centroid
el:=2*v7-v3-vl=0
24
- el: —vl —v34+2vi=10
e2:=2*v8-v4-v2=0
Input:

PO s | T G i i i i



1 @ o euler line-2.ggb

k1A PO, O 4N = 4

» Algebra x| » CAS X| = Graphics
(& A=(2.1,29) 518:27v24-v6=0 _ =
'@ B =(8.76,2.74) 84 18:2v24 —v6 =0
® C=(7.06, 7.18) T S0 eveR VR =
{® b=6.55
§19:2*v25-v5=0
E. a=4.75 85
|® c=6.66 — §19:2v25 —v5 =10
f® tl = 14.65
f: -6.66x + 0.16y = -35.71 §20:-1+2*v26-v6=0
| 9:4.96x + 4.28y = 44.29 86
® D = (5.46,4.02) — 520:2v26 —v6 —1=0
| ® textl = “D circumcenter E orthocenter H centroic
h: -6.66x + 0.16y = -45.87 §21:v27-v27*v24-v23+v28*v23=0
i:4.96x + 4.28y = 55.18 87
® E=(7,4.78) — 521 : v23v28 — v24v27 —v23 4 v27 =10
F = (4.58, 5.04)
G =(7.91, 4.96) §22:-v27*v26+v28*v25=0
i* = . - . = - u 88
o6k 1 Sty 1252 ~ $22:v25v28 — v26v27 =0
® H=(5.97,4.27)
® I:-0.25x + 0.51y = 0.69 §23:-14+v37%v27*v22-v37*v28*v21-v37*v27*v16+Vv37*v21*v1t
_ % H ” ” 89 |
i 7 Jtrue, PAreCollinear(A,8,0)", "AreEqual(A.B)" ~ 5231 —v15v22v37 4 v15 v28 v37 4 v16 v21 v37 — v.
90 | Now we consider the following expression: D circumcenter
E orthocenter
91 | $1*(-2/3*v10*v37*v38*v6A2+2/3*v15*v37*v38*v6A2+1/3*v1( H centroid
- 1=0
92 | Contradiction! This proves the original statement.
93 | The statement has a difficulty of degree 5.

Input:
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File Edit View Options Tools Window Help

sp-9point.ggbh

5 7 Bl
=~ X=|x=
[=] =/ v |5 ()] |l & S
» Algebra XIq{» CAS
® A =(-4.62, -0.56) : f
® B =(-0.1, -0.64) $3:-1+2+8-v6=0
® C=(-11, 2.2) 35
® b =447 - 83: —vb+2v8—-1=0
® a=3.01
® c =452 s4:2#+y7-v5=0
® t1l =6.38 36
® D =(-0.6, 0.78) - sd: —vh4+2vi=10 c
® E =(-2.86, 0.82)
® F =(-2.36, -0.6) s5:2#+y10-v6=0
® f: -4.52x + 0.08y = 5.15 37
o Co 115 -0.63) ~ s5:2v10 —v6 =10
s6:-1+2+12=0
38
- s6:2v12-1=0 Da
s7:-1-v13+v5=0
39
- s7T: —vl34+vH—-1=0
s8:2#+v9-v5=0 ;
40
~ s8: —vb4+2v9 =0 =F G B
[
s9:2#+y11=0
41
- §0:2vll1 =0
510:-v14+v6=0
42
- s10: —v1d4+v6=0
s11:-v15=0
43
- s11: —v15=0
44 | Now we consider the following expression:
45 | SIM-1)+s2¥(1/4*v16+v18+v5-1/8+v18+v5)+s3*(1/2*+v3 " 2+v11#v18-1/2*+v8+v10*11+v18+ ]
- 1=0
46 | Contradiction! This proves the original statement.
47 | The statement has a difficulty of degree 4.
]
Input: | i ©

PEEACENRNXOIOwendnoO

NP ORPEEL O 4 20223%15.706. (I



®@ O O ¥

@)

Al L PO O 4L N 2 e

B = (1.1, 5.44) =N
C = (-2.62, -2.22)

c : Circle(B, A, C)

— (x + 1.66)2 + (y - 1.57)2 = 15.29

D = Point(c)
~ (189, 3.2) ®

f = Segment(A,B)
— 4.62

g = Segment(C, D)

— 7.05 7
h = Segment(A, C)
— 6.07
i = Segment(B, D)
— 3.74
j = Segment(B, C)
— 7.81
k = Segment(A, D)

— 7.07

@,

Relation(f - g + h - i,j - k)
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=1 1=] [ 5 ) [y (x| (x=f [ ] o

\r Algebra * » CAS X = Graphics
® A=(0,2) S8:v23A2-v12A2-v11A2+2*v12*v6-voA2+2*v11*v5-v5A2=0 _ alc
® B =(2.94,3.28 49
e c: x2(+ y - Z)ZL 10.2 — s8: —v11? —v12® +v23% —v5” — v6® + 2 v11v5 +
® C=(-3.07,2.92)
® D = (0.97, 5.06) $9:v24A2-v12A2-v11A2+2*v12*v8-v8A2+2*v11*v7-v7A2=0
® E = (2.85,0.53 >0
®F-= 5_1_74 _0_;) = §9: —v11? —v12® + v24° —v7® — v8” + 2 v11v7 +
® f=458
® g=49 $10:v25A2-v10A2-v9A2+2*v10*v6-v6A2+2*VO*Vv5-v5A2=0
® h=4.75 il
® i=385 = 510 : —v10? +v25? — v5? —v6” — v9% +2 v10 v6 +
® j=6.36 .
® k=639 S11:-1+V26*V25A4%v24A4-2%v26*Vv25A2%Vv24A2%v23A2%Vv2 1A,
a=40.59 52
b = 40.59 = s11: v20% v22* v26 + v21* v23* v26 + v24* v25° v2¢
d = true
53 | Now we consider the following expression:
Boolean Value d: Prove(ig + fh £ j k)
54 s1*(2*v6*v12*v21A4*v26+2*v20A2*v21A2*v22A2*v26-v21A4
- 1=0
55 | Contradiction! This proves the original statement.
56 | The statement has a difficulty of degree 7.

~Input:

ar
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54. Osterreichische Mathematik-Olympiade

Regionalwettbewerb fiir Fortgeschrittene
30. Mérz 2023

1. Es seien a, b und c reelle Zahlen mit 0 < a,b, ¢ < 2. Man beweise, dass
(a=Db)(b—c)la—c) <2

gilt, und man gebe an, wann Gleichheit eintritt.

(Karl Czakler)

2. Sei ABC'D eine Raute mit <1 BAD < 90°. Der Kreis durch D mit Mittelpunkt A schneide
die Gerade C'D ein zweites Mal im Punkt E. Der Schnittpunkt der Geraden BE und AC
sei S.

Man beweise, dass die Punkte A, S, D und E auf einem Kreis liegen.
(Karl Czakler)
3. Man bestimme alle natiirlichen Zahlen n > 2, fiir die es zwei Anordnungen (ay, as, . . ., a,)

und (b1, be, ..., b,) der Zahlen 1,2, ..., n gibt, sodass (a; + b1, as + b, . .., a, +b,) aufein-
ander folgende natiirliche Zahlen sind.

(Walther Janous)
4. Man bestimme alle Paare (z,y) von positiven ganzen Zahlen, sodass fiir d = ggT(z,y)

die Gleichung
xyd = x +y + d*

gilt.
(Walther Janous)

Arbeitszeit: 4 Stunden.
Bei jeder Aufgabe konnen 8 Punkte erreicht werden.



* Sei ABCD eine Raute mit 4BAD < 90'. Der Kreis durch D mit
Mitteipunkt A schneide die Gerade CD ebzweites Mal im Punkt,E. Der
Schnittpunkt der Geradet BE und AC sei S.

Man beweise, dass die Punkte A, S, D und E auf einem Kreis liegen

* Let ABCD be a rhombus with/BAD < 90-. The circle through D with center A intersects straight line CD a
second time at point E. The intersection of the lines BE and AC is S.

* Prove that the points A, S, D and E lie on a circle.
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%
» Algebra = [X| ~ Graphics
® A= (1.16,-0.84) I EICIN =d
® B=(2.22,2.72)

® c:(x-1.16)% + (y + 0.84)% -

® D =(-1.94,1.21)

® f=3.71

® g=3.71

® h:-1.51x + 4.16y = 7.96

® C=(-0.88,4.77)

® i=3.71

®j=371

® k:-2.05x-3.1y=-12.98

® |:-2.05x - 3.1y = 0.23

® m: -5.61x - 2.04y = -4.79

® n:-3.56x + 1.06y = 8.18

® p: -3.56x + 1.06y = -5.02

® E =(-2.55,-0.86)

® d:x* +y* + 1.42x - 3.31y =

® q=5.97

® r=597

® s=3.71 h

® S=(0.37,1.33)

® ex’* +y*+ 14x+ 0.57y =

® t=231

® a=231

® b=231

o f, =366

@



[ NN ) RWF_2023-2B.ggb
==/ vl ) Ny x=| x| ) e
» Algebra X » CAS x| = Graphics
® A=(1.16, -0.84 50 NI
° =((22§ 2073)) — s8:vl3vb—v13v8 —v14vh +vid v7 4 v!
® c:(x-1.16)% + (y + 0.84)% -
® D =(-1.94, 1.21) $9:1-v14A2-v13A2=0
®f= 51
.;=3371 = s9: —v13’ —v14’ +1=10
® h:-151x + 4.16y = 7.96
® C=(-0.88,4.77) s10:-1+v15*v14A2+v15*v13A2-2*v15*v14*v6o+v15 _
®i= 52
pe J'= g ;i — 510 : v15v5% + v15 v6” + v13® v15 4 v14® v
® k:-2.05x-3.1y =-12.98
® |: -2.05x - 3.1y = 0.23 s11:-v16*v8+v17*v7=0 ,
53
. e toey Caaa ~ s11: —v16v8 +v17v7 =0 !
b _% 526;‘;’ _100;2) = =302 $12:v16-v16*v14-v13+v17*v13=0 ! /
N 54 z
® d:x* +y* + 1.42x - 3.31y = — §12: v13v17 —v14v16 — v13 4 v16 =0 '
® q=597 \
® r=35.97 s13:-1-v18*v16*v14A2*v6+v18*v17A2*v13*v6+Vv18
® 5=1(037,1.33) — s13: —v13v17v18v5% —v13 v17 v18 v6® 4
® eex’+y* + 1.4x + 0.57y =
®t=231 56 | Now we consider the following expression:
® a=231
: ? = 23--:’5}; 57 | SI*(v9*V13A2*V16A2*v18*V19A2+Vv10*V13*v14*v16/
1 - -
® g, = 3.66 - 1=0
58 | Contradiction! This proves the original statement.
59 | The statement has a difficulty of degree 9.

Input:
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Igebra X

A = (0.14, 0.24)
B = (5.02, 0.06)

C=(2.28,4.3)
b =4.59

a = 5.05

Cc =4.88

tl = 10.1

f: -4.88x + 0.18y = -
g: 2.74x - 4.24y = 0.;
G =(2.63,1.52)
d:(x-2.63)2+(y-1
h: 2.74x - 4.24y = -0
i: 2.14x + 4.06y = 10.
D = (3.5, 2.41)
E=(1.13,2.11)

J: -4.88x + 0.18y = -
F=(2.13,0.17)

k: 1.95x + 1y = 4.31
P = (0.5, 3.34)

I: -3.28x - 4.52y = -1
m: 2.24x - 1.37y = 4.
Q= (2.97, 1.54)
n=3.12

p=3.12

textl = “Let ABC be a1

ad ad

v Graphics

Let ABC be an acute triangle with D, E, F

the feet of the altitudes lying on BC, CA, AB
respectively.

One of the intersection points of the line EF
and the circumcircle is P.

The lines BP and DF meet at point Q.

Prove that AP = AQ

] Relation

It is generally true that:
* n has the same length as p
under the condition:

* the construction is not degenerate

OK



| NN kazajastan2.ggb

R A 0 DO, O 14 N @

» Algebra *| = Graphics

® A =(0.14, 0.24) | | C~

® B = (5.02, 0.06) k

® C=(2.28,4.3)

® b=4.59

® a=>5.05 C
® c=4.88 -

®

tl = 10.1 /o
f: -4.88x + 0.18y = - N\
ngl(724’6(3_ :i;\)’ = 0. // \ Let ABC be an acute triangle with D, E, F

° d:?x ~263)% + -1 7 5 the feet of the altitudes lying on BC, CA, AB
h: 2.74x - 4.24y = -0 ! \ respectively.
i: 2.14x + 4.06y = 10. " } One of the intersection points of the line EF
D = (3.5, 2.41) \ and-the circumcircle is P.

jE' —=4(.:ili-81x3,+2(.)111;y = - A \\ é ‘ The lines BP and .DF meet at point Q.

B Prove that AP = AQ

textl = “Let ABC be ai
e:x? +y*-238x-3.
q:x* +y*-3.93x - 5.
r: -0.92x - 3y = -10.¢
s:0.57x + 1.84y = 4.!

® F=(2.13,0.17)

® k:1.95x + 1y = 4.31
® P = (0.5, 3.34)

® |:-3.28x -4.52y = -1
® m:2.24x - 1.37y = 4.
® Q=(2.97,1.54)

® n=3.12

® p=3.12

®

o

®

®

)

Input:

Concyclic points: AFPQ, CDPQ

Sets of parallel and perpendicular lines:

e ABF L CF
* ACE L BE
*AD L BCD
*DP I EQ

Congruent segments:
* AP = AQ

OK
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kazajastan2.ggb

» Algebra X
® A =(0.14, 0.24)

® B = (5.02,0.06)

® C=(2.28,4.3)

® b=4.59

® a=>5.05

® c=4.88

® tl =10.1

f: -4.88x + 0.18y = -
g: 2.74x - 4.24y = 0.
G =(2.63,1.52)
® d:(x-263)%+(y-1
h: 2.74x - 4.24y = -0
i 2.14x + 4.06y = 10.
D = (3.5, 2.41)
E=(1.13, 2.11)
) -4.88x + 0.18y = -
F=(2.13,0.17)
k: 1.95x + 1y = 4.31
P = (0.5, 3.34)
I: -3.28x - 4.52y = -1
m: 2.24x - 1.37y = 4.
Q= (2.97, 1.54)
n=3.12
p =3.12
textl = “Let ABC be ai

 Input:

RI AT P OO 4 N

ped

» CAS
21 | Let n be the segment A, P.
22 | Let p be the segment A, Q.
23 | Prove thatn < p.
24 | The statement is true under some non-degeneracy conditions (see below).
25 | Currently no full proof can be provided, but just some steps.
26 | In the background, all steps are checked, but a full presentation is not yet implemented.
27 | Please try a newer version of GeoGebra Discovery if possible.
28 | Let free point A be denoted by (v1,v2).
29 | Let free point B be denoted by (v3,v4).
30 | Let free point C be denoted by (v5,v6).
31 | Considering definition f = PerpendicularBisector[c]:
el:=2*v7-v3-vl=0
32 — el: —vl —v34+2vi=0
e2:=2*v8-v4-v2=0
33 - e2: —v2 —vd4+2v8 =10
e3:=v10-v8-v7+v1=0
3 — e3:vl4vl0 —v7i—vB =0
] e4:=v9+v8-v7-v2=0

* Graphics
L

ra

At C~

4k




Prover benchmark for GeoGebra 1

Prover benchmark for GeoGebra 1
on 2023-08-25 20:23 at kovzol-desktop, I ntel(R) Core(TM) i7-4770 CPU @ 3.40GHz

Timeout was set to 20 seconds.

BotanaGiac Botana
Test file F F

Result|Speed |Result|Speed
1lgon-1.99b 9 1000
1lgon-2.99b 10 3752
1lgon-3.99b 9 1372
11gon-4.9gb 9 1821
1lgon-5.99b 8 689
1lgon-6.99b
1lgon-7.ggb 9 10827
1lgon-8.99b
13gon-1.9gb 10 4342
13gon-2.ggb
5gon-10gon-1.ggh - 236 - 198
5gon-10gon-2.ggh - 141 - 189
7-gon.ggb - |5289| - 5235
BlazekPech.ggbh
Brianchon-circle-ex19.ggb
Brianchon-parabola.ggb
Ceval.ggb - 59 - 77
Ceva2.9gb 8 2123
Ceva3.ggbh 8 3261
Cevad.ggbh 8 1541
Cevab.ggb 8 1474
Cevab.ggb
Desargues.ggh
EGM02012-1.9gb
Euler-ex162.ggb - 15913
EulerLine.ggb 5 115 5 100

EermatPointAngles.ggb

EermatPointAngles2.ggb

EermatPointSum.ggb

Gergonne-ex336.ggb

2718123, 17:03

Prover benchmark for GeoGebra 1

circles-are-parallel-ex90.ggb

circles-chord-half-of-side-ex98.ggb

circumcenter-of-midpoints-is-midpoint-ex197.ggb 5 152 5 139
circumcenterl.ggb 3 122 2 185
circumcenter2.ggb - 121 2 185
circumcenter3.ggb 2 111 2 252
circumcenter4.ggb 2 156 2 268
circumcenter5.ggb 2 111 2 154
circumcenter6.ggb 4 91 4 110
circumcircle-3-parabola-tangent.ggb

construct-perpendicular-line.ggb - 39 - 47
construct-tangent-to-circle-point.ggb - 31 - 42
def-line-perpline-perpline.ggb 1 54 1 76
def-points-on-a-circlel.ggb 3 59 3 105
def-points-on-a-circle2.ggb 3 64 3 92
def-points-on-a-line.ggb 1 42 1 73
diameters-are-orthogonal-ex374.ggb - 65 2 162
dtoc-ex2.ggb - 68 - 137
dtoc-ex4.ggb - 172 - 211
ellipse-circle.ggb 1 76 1 119
ellipse-circle2.ggb - 212 - 397
ellipse-circle3.ggh - 208 - 290
ellipse-symmetry.ggh - 357 - 438
ellipse-symmetry2.9gb o 271 o 382
ex5.3.9ggb 2 71 2 90
expression-deltoid1.ggb - 1271 - 148
expression-deltoid2.ggb - 142 - 127
expression-ex31.ggh 11 327 5 176
foot-exists.ggb 9 126 5 192
geometric-mean.ggb - 278 7 204
goldenratio-1.ggb 4 220 4 304
goldenratio-2.ggh

incenterl.ggb ° 207 = 212
incenter2.ggb 11 390
incenter3.ggb - 240 - 208
incenter4.ggb - 460 - 448
intercept.ggh 7 128 7 114

27/8123, 17:03



Comments:

Current approach is only good for always true or always geometrically true (not for generally true, that
(rj\_eeds to ?jcild or multiply times the complexity of the non-degeneracy conditions that have been
iscovered).

Computation of syzgygies expressing a polynomial in terms of generators, not direct, must be through G
Basis. Not trivial, tried different programs.

How to be sure of minimal degrees? No one knows.
Depends greatly of choice of monomial order?

Is there a relation of degree of syzygies and complexity of membership problem (for example, if thesis is
in the ideal of hypotheses)?

Is there a relation between the degree of syzygyies in the reductio ad absurdum and the minimal power of
the thesis in the radical of hypotheses?

Extend to the case of real equations and inequations.
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